
f : M2 → N2 is isometry iff f∗(Gn) = Gm ⇔ GM (X,Y ) = GN (df(x), df(Y )) ,GM , GN Rieman. metric onM,N .
γ : [a, b] → Rn regular if ∀t ∈ [a, b] : γ′(t) ̸= 0where γ(t) = (x1(t), . . . , xn(t)) ⇒ γ′(t) = (ẋ1(t), . . . , ẋk(t)).
Dt system of equations passing through point (x0, y0), direction vector (u(t), v(t)). Getw(t) by substitution (x0, y0).
Then we have system of equations:{

u(t)x(t) + v(t)y(t) + w(t) = 0

u′(t)x(t) + v′(t)y(t) + w′(t) = 0
⇔

(
u(t) v(t)
u′(t) v′(t)

)(
x(t)
y(t)

)
=

(
−w(t)
−w′(t)

)
⇔ AX = W

Envelope given byX = A−1W iffA invertible.
γ γ(t) γ(s, t)

Normal n(t) = γ”(t)
∥γ”(t)∥ n(s, t) =

∂
∂sγ(s,t)×

∂
∂tγ(s,t)

∥ ∂
∂sγ(s,t)×

∂
∂tγ(s,t)∥

k(p) = det(dpn)

Curvature k(s) = ∥γ̇×γ̈∥
∥γ̇∥3 k(s, t) = (−1)n−1 det(Q(s,t))

det(G(s,t)) k = 0 : eucl. plane

(x(t), y(t), c) ⇒ k(t) = ẋÿ−ẍẏ
(ẋ2+ẏ)2)3 k = 1 : S2

k = −1 : H
H = {u+ iv = z ∈ C|Im(z) > 0},hyperbolic plane.
Planar curve: Curve entirely contained in plane.
Flat metric: Metric with curvature equal to zero at every point.

1st fund. form:G =
(

⟨γs,γs⟩ ⟨γs,γt⟩
⟨γt,γs⟩ ⟨γt,γt⟩

)
= ( g11 g12

g21 g22 ) 2nd fund. form:Q =
(

⟨γss,n⟩ ⟨γst,n⟩
⟨γts,n⟩ =⟨γts,n⟩

)
p is 1) elliptic:det(Q) > 0, 2) hyperbolic:det(Q) < 0, 3) parabolic:det(Q) = 0&Q ̸= 0.

Length curveα(t) = (α1(t), α2(t)) on I = [a, b] ⇒ len(α) =
b∫
a

√
2∑

i,j=1

gij(α(t)) ˙αi(t) ˙αj(t)dt

f(s) param. curve γ by arc length⇒ fa(s) = f(s) + an(s) param. of parallel curves γa.

Huygens principle: evolute = {a|a singul. point of fa(s)} ⇔ {a|ρ(s) = a} ⇔
{
a|
(

x(s)
y(s)

)
+ 1

k(s)n(s) = a
}

Mn−1 ↪→ Rn reg. surface or subsetRn with riemannian metric (gij(p)). Then geodesic onM
n−1 smooth curve γ : I →

Mn−1 of constant speed, locally realizing:

d(p, q) := inf
γ

t2∫
t1

√
gij(γ(t))γ̇i(t)γ̇j(t)dt γ smooth curves onMn−1 s.t. γ(t1) = p, γ(t2) = q

Mn−1 param. by (u1, . . . , un−1). If γ : I → Mn−1 geodesic, it satisfies:

üi + Γi
jku̇

j u̇k = 0

Γi
jk =

1

2
gis

(
∂gis
∂uk

+
∂gks
∂uj

− ∂gjk
∂us

)
Christoffel symbols, sum over s=1 till s=n-1

Mn−1 regular ⇒ Γi
jk = ⟨ri, rjk⟩with ⟨ri, rj⟩ = δij

geo. equa.
d2γ(t)

dt2
∥ n(γ(t)),withnnormal toMn−1

Geodesics γ(t) = (γ1(t), γ2(t)) inH if

{
γ̈1 − 2γ−1

2 γ̇1γ̇2 = 0

γ̈2 − γ−1
2 (γ̇2

2 − γ̇1
2) = 0

.

Local Gauss-Bonnet theorem:
M2 regular surface, rieman. metricG(p) and k = k(p) : M2 → R gauss. curv. Geodesic triangleABC ⊂ M2 with
interior anglesα, β, γ ⇒

∫
kds = α+ β + γ − πwith ds =

√
det(G)du1 ∧ du2 area element ofM2.

E vector space other set E . Map f : E × E → E, f(A,B) = A⃗B s.t.

1. ∀A ∈ E , f(A, •) : E → E is a bijection.

2. ∀A,B,C ∈ E A⃗B + B⃗C = A⃗C

then E affine space.
Parallelogram rule:AB = CD ⇔ BD = AC.Addition:A ∈ E , u ∈ E letB s.t. A⃗B = u ⇒ B := A+ A⃗B.
E affine space, F ⊂ E if∀A ∈ F s.t.F = {A⃗B,B ∈ F} vector subspaceE. F is directed byF .
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Let E be an affine space directed byE andF an affine subspace directed byF . dim(F) = dim(F ).
A ∈ E , F ⊂ E ⇒ ∃!F ⊂ E s.t.A ∈ F .
D1,D2 ∈ E satisfyD1 ∥ D2 iff same directionD.F1 ∥ F2 iffFi = Ai + F for i = 1, 2.
∀D ∈ E s.t.A ̸∈ D,∃!D′ s.t.A ∈ D′ andD′ ∥ D.

f : E → F affine if ∃A ∈ E s.t. A⃗B = f(A⃗B) = ⃗f(A)f(B) is lin. mappingE toF .
IfE,F bases {ei}, {fi} then ∀f : E → F affine, has form f(x) = Ax+ bwithA : E → F, b ∈ F ≃ F .
Group invertible affine mapsn−dim.affine space E ,calledAut(E) ∼= GL(n,K)⋉Kn.

Thales’ theoremD1,D2 ∈ E and d ∥ d′ ∥ d” ⇒ ⃗A1A1”
⃗A1A′

1

=
⃗A2A2”
⃗A2A′

2

= λ. Conv. B ∈ D1 s.t.
⃗A1B
⃗A1A′

1

=
⃗A2A2”
⃗A2A′

2

⇒ B = A1”.

dim(E),dim(F) ≥ 2. φ : E → F bijec. s.t. ∀A,B,C ∈ E ⇒ φ(A), φ(B), φ(C) collin.⇒ φ isom. aff. mapping.

A0, . . . , Ak ∈ E are affinely independent ifF = span{A0, . . . , Ak} has dim. k. ({Ai} is AI)
span{A0, . . . , An} = E and {Ai} is AI⇒ {Ai} form affine frame for E .
{Ai} ∈ E AI, k+1 weightsα0, . . . , αk ∈ K s.t.

∑
αi ̸= 0.Barycenter/center of mass of weighted points (Ai, αi) is

pointG := O +

k∑
i=0

λiO⃗Ai

k∑
i=0

λi

withO ∈ E arbitrary. Note: Barycenter is uniqueG s.t. 1
λ

k∑
i=0

λiG⃗Ai = 0.

∀C ∈ span{A0, . . . , Ak},∃λ0, . . . λk ∈ K,
k∑

i=0

λi ̸= 0 s.t.C barycenter of (Ai, λi).

Observe (λ0, . . . , λk)&(λ0, . . . , λk) same barycenter iff (λ0, . . . , λk) = (βλ0, . . . , βλk) forβ ̸= 0.
(λ0 : . . . : λk) arebarycentric/homogeneous coordinates ofG in affine frameA0, . . . , Ak.
Pappus thm:D,D′ ∈ E . IfA,B,C ∈ D&A′, B′, C ′ ∈ D′.AB′ ∥ BA′, BC ′ ∥ CB′ ⇒ AC ′ ∥ CA′.
Desargues’s theoremABC,A′B′C ′ two triangles without common vertex in affine plane. IfAB ∥ A′B′, AC ∥ A′C ′ and
BC ∥ B′C ′. Then linesAA′, BB′, CC ′ are parallel or intersection in single point.

f : Rn → Rn satisfy ⟨f(u)− f(v), f(u)− f(v)⟩ = ⟨u− v, u− v⟩ ⇒ f(x) = Ax+ b, withA orthog:AAT = ATA = E.
reflection se in hyperplane e inRn def. by se(u) = 2Pre(u)− uwith pre(u) is the orthogonal projection ofu on e. Orien-
tation reserving isometries onRn. Every isometry ofRn is a composition of reflections.

Inversion,I(O,R2) in a sphereSn−1
R (O) ↪→ Rn of radiusR def. by I(O,R)(A) = O + R2O⃗A

∥O⃗A∥2

Inversions in circles: I(O,R) ◦ I(O,R) = id.

Inversion in circleR2 ∼= Cwith center on real axis,y = 0. Inversion is isometry onHwith hyperbolic metric dx2+dy2

y2 .

Pn(K) = Kn ∪Pn−1(K) = Kn ∪Kn−1 ∪ . . .∪K∪{pt}. ThereforePn(K) is projective completion of affine spaceKn by

adding hyperplaneP ({
n∑

i=0

xi = 0}) at infinity.

PSL(n,K) = {f : Pn−1(K) → Pn−1(K)|f bijective} ∼= SL(n,K)/{±E}

PSL(2,C) generated by even number inversions and reflections in arbitrary circles or lines inC.
PSL(2,R) group orientation preserving isom. ofH ,generated by even number inversion and reflections in circles or
lines orthogonal to {Im(z) = 0}.
E vector space overK, considerP (E

⊕
K) projective space and f : P (E

⊕
K) → P (E

⊕
K) projective transformation

preserving hyperplane at infinity. Then induced map on E = {(u, λ) ∈ E
⊕

K|λ = 1} is affine (so f : E → E affine).
Conv. every affine bijection g : E → E can be extended to projective transf. g : P (E

⊕
K) → P (E

⊕
K).

V vector space then dual vector spaceV ∗ = {α|α : V → K linear}.
Observe that (Kn+1)∗ ∼= Kn+1. Not canocially, so depends on basis.
We see that d : (k − dim. vector subspaceKn+1) → ((n+ 1− k)− dim vector subspace ofKn+1),i.e.
projective duality
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